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951. 


NON-EUCLIDIAN GEOMETRY. 


[From the Transactions of the Cambridge Philosophical Society, vol. xv. (1894), 
pp. 37—61. Read January 27, 1890.] 


I CONSIDER ordinary three-dimensional space, and use the words point, line, plane, 
&c. in their ordinary acceptations; only the notion of distance is altered, viz. instead 
of taking the Absolute to be the circle at infinity I take it to be a quadric 
surface: in the analytical developments this is taken to be the imaginary surface 
e+y+2+w=0, and the formule arrived at are those belonging to the so-called 
Elliptic Space. The object of the Memoir is to set out, in a somewhat more 
systematic form than has been hitherto done, the general theory; and in particular, 
to further develop the analytical formule in regard to the perpendiculars of two 
given lines. It is to be remarked that not only all purely descriptive theorems of 
Euclidian geometry hold good in the new theory; but that this is the case also 
(only we in nowise attend to them) with theorems relating to parallelism and 
perpendicularity, in the Euclidian sense of the words. In Euclidian geometry, infinity 
is a special plane, the plane of the circle at infinity, and we consider (for instance) 
parallel lines, that is, lines which meet in a point of this plane: in the new theory, 
infinity is a plane in nowise distinguishable from any other plane, and there is no 
occasion to consider (although they exist) lines meeting in a point of this plane, 
that is, parallel lines in the Euclidian sense. So again, given any two lines, there 
exists always, in the Euclidian sense, a single line perpendicular to each of the 
given lines, but this is not in the new sense a perpendicular line; there is nothing 
to distinguish it from any other line cutting the two given lines, and consequently 
no occasion to consider it: we do consider the lines—there are, in fact, two such 
lines—which in the new sense of the word are perpendicular to each of the given lines. 


It should be observed that the term distance is used to include inclination: we 
have, say, a linear distance between two points; an angular distance between two 
lines which meet; and a dihedral distance between two planes. But all these are 
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distances of the same kind, having a common unit, the quadrant, represented by i; 
and in fact, any distance may be considered indifferently as a linear, an angular, or 
a dihedral distance: the word, perpendicular, usually represented by ., refers of course 
to a distance — iv. We have moreover the distance of a point from a plane, that 
of a point from a line, and that of a plane from a line. Two lines which do not 
meet may be i, and in particular they may be reciprocal: in general, they have 
two distances; and they have also a “moment” and “comoment,” the values of 
which serve to express those of the two distances. Lines may be, in several distinct 
senses, as will be explained, parallel; and for this reason the word parallel is never 
used simpliciter; the notion of parallelism does not apply to planes, nor to points. 


Elliptie space has been considered and the theory developed in connexion with 
the imaginaries called by Clifford biquaternions, and as applied to Mechanics: I refer 
to the names, Ball, Buchheim, Clifford, Cox, Gravelius, Heath, Klein, and Lindemann: 
in particular, much of the purely geometrical theory is due to Clifford. Memoirs by 
Buchheim and Heath are referred to further on. 


Geometrical Notions. Art. Nos. 1 to 16. 


1. The Absolute is a general quadric surface: it has therefore lines of two 
kinds, which it is convenient to distinguish as directrices and generatrices: through 
each point of the surface there is a directrix and a generatrix, and the plane 
through these two lines is the tangent plane at the point. A line meets the surface 
in two points, say A, C; the generatrix at A meets the directrix at C; and the 


Fig. 1. 


directrix at A meets the generatrix at C; and we have thus on the surface two new 
points B, D; joining these we have a line BD, which is the reciprocal of AC; viz. 
BD is the intersection of the planes BAD, BCD which are the tangent planes at 
A, C respectively, and similarly AC is the intersection of the planes ABC, ADC 
which are the tangent planes at B, D respectively. 


According to what follows, reciprocal lines are 1, but 1 lines are not in general 
reciprocal; thus the two epithets are not convertible, and there will be occasion 
throughout to speak of reciprocal lines. 

C. XIII. 61 
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2. Two points may be harmonie; that is, the two points and the intersections 
of their line of junction with the Absolute may form a harmonic range: the two 
points are in this case said to be 1. 


Two planes may be harmonie: that is, the two planes and the tangent planes 
of the Absolute through their line of intersection may form a harmonie plane-pencil: 
the two planes are said to be 1. 


Two lines which meet may be harmonic: that is, the two lines and the tangents 
from their point of intersection to the section of the Absolute by their common 
plane may form a harmonic pencil: the two lines are said to be 1. 


The locus of all the points 1 to a given point is a plane, the reciprocal or 
polar plane of the given point; and similarly the envelope of all the planes 1 to a 
given plane is a point, the pole of the given plane: a point and plane reciprocal 
to each other, or say a pole and polar plane, are said to be 1. 


3. If a point is situate anywhere in a given line, the 1 plane passes always 
through the reciprocal line: each point of the reciprocal line is thus a point of 
the i plane, ie. it is 1 to the given point: that is, considering two reciprocal 
lines, any point on the one line and any point on the other line are 1. Similarly 
any plane through the one line and any plane through the other line are 1. 


A line and plane may be harmonic; that is, they may be reciprocal in regard 
to the cone, vertex their point of intersection, circumscribed to the Absolute; the 
line and plane are said to be 1. The 1 plane passes through the reciprocal line, 
and conversely every plane through the reciprocal line is a 1 plane. It may be 
added that the line passes through the L point of tbe plane; and conversely, that 
every line through the 1 point of a plane is 1 to the plane. Moreover if a line 
and plane be 1, the line is 1 to every line in the plane and through the point of 
intersection. 


A line and point may be harmonic; that is, they may be reciprocal in regard 
to the section of the Absolute by their common plane: the line and point are said 
to be 1. The + point lies in the reciprocal line, and conversely every point of the 
reciprocal line is a 1 point. It may be added that the line lies in the 1 plane of 
the point: and conversely that every line in the + plane of a point is 1 to the 
point. Moreover if a line and point be 1, the line is 1 to every line through the 
point and in the plane of junction. | 


4. We may have a triangle ABC composed of three lines BC, CA, AB in the 
same plane: the six parts hereof are the linear distances B, C; C, A; A, B of the 
angular points, and the angular distances of the sides CA, AB; AB, BC; BO, CA. 
Similarly we may have a trihedral composed of three lines meeting in a point, say 
the planes through the several pairs of lines are A, B, C respectively: the six parts 
hereof are the angular distances CA, AB; AB, BC; BC, CA of the three lines, and 
the dihedral distances B, C; C, A; A, B of the three planes. According to the 
definitions of distance hereinafter adopted, the relation of the six parts is that of 
the sides and angles of a spherical triangle: in particular, if two sides are. each 
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—1-, then the opposite angles are each - iv, and the included angle and the 
opposite side have a common value; and so also if two angles are each =47, then 
the opposite sides are each =m, and the included side and the opposite angle 
have à common value. 


- 


5. Let A, C be points on a line, and B, D points on the reciprocal line: by 
what precedes, each of the lines AB, AD, CB, CD is =}: also each of the angles 
ACD, ACB, CAB, CAD is =r. The line AC is 1 to the plane BCD and to the 
lines BC, CD, in that plane; it is also 1 to the plane BAD and to the lines BA, 
AD in that plane; and similarly for the line BD. From the trihedral of the planes 
which meet in C, distance of planes ACB, ACD = distance of lines BC, CD, viz. the 
dihedral distance of two planes through the line AC is equal to the angular distance 
of their intersections with the 1 plane BCD; and it is therefore equal also to the 


Fig. 2. 
A 


o 
9 


B 


linear distance of their intersections with the other 1 plane BAD: and so from the 
triangle BCD, where BC, CD are each =}7, the angular distance BCD is equal to 
the linear distance BD; that is, the distance of the planes ACB, ACD, that of the 
lines BO, CD, that of the lines BA, AD, and that of the points B, D, are all of 
them equal; say the value of each of them is — 0. And in like manner the 
distance of the planes ABD, CBD, that of the lines AB, BC, that of the lines AD, 
DC, and that of the points A, C, are all of them equal: say the value of each of 
them is = ò. 


The theorem may be stated as follows: all the planes 1 to a given line intersect 
in the reciprocal line: and if we have through the given line any two planes, the 
distance of these two planes, the distance between their lines of intersection with 
any one of the 1 planes, and the distance between their points of intersection with 
the reciprocal line, are all of them equal. 


And it thus appears also that a distance may be represented indifferently as a 
linear distance, an angular distance, or a dihedral distance. 


6. Consider a point and a plane: we may through the point draw a line 1 to 
the plane, and intersecting it in a point called the “foot”: the distance of the point 
and plane is then (as a definition) taken to be equal to that of the point and foot. 
It may be added that the 1 line is, in fact, the line joining the point with the 1 
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point of the plane; and that the distance of the point and plane is equal to the 
complement of the distance of the point and the 1 point. Or again, we may in the 
plane draw a line 1 to the point, and determining with it a plane called the roof: 
and then (as an equivalent definition) the distance of the plane and point is equal 
to the distance of the plane and roof It may be added that the . line is, in fact, 
the intersection of the plane with the 1 plane of the point, and that the distance 
of the point and plane is also equal to the complement of the distance of the plane 
and the 1 plane of the point. i 


7. Consider a point and line:. we have through the point a line to the line 
and cutting it in a point called the foot; the distance of the point and line is then 
(as a definition) equal to the distance of the point and foot. It may be added that 
the foot is the intersection with the line of a plane 1 thereto through the point. 


Again, consider a plane and line: we have in the plane a line 1 to the line 
and determining with it a plane called the roof: the distance of the plane and line 
is then (as a definition) equal to the distance of the plane and roof It may be 
added that the roof is the plane determined by the line and a point 1 thereto in 
the plane. 


8. If two lines intersect, then their reciprocals also intersect. Say the inter- 
secting lines are X, Y; and their reciprocals X’, Y’ respectively; then K, the point 
of intersection of X, Y, has for its reciprocal the plane of the lines X', Y'; and 
similarly K’, the point of intersection of the lines X’, Y', has for its reciprocal the 
plane of the lines X, Y: hence KK’ has for its reciprocal the line of intersection 
of the planes XY and X'Y'; say this is the line A, meeting X, Y, X', Y', in the 


Fig. 3. 


points a, 8, a’, B’ respectively. Since K, K’ are points in the reciprocal lines X, X’ 
(or in the reciprocal lines Y, Y") the distance KK’ is =r; and since the plane 
XY passes through the line A which is the reciprocal of KK’, the line KK’ is 1 to 
the plane XY and also to each of the lines X, Y: (it is also 1 to the plane X’Y’ 
and to each of the lines X', Y^). Again, since the lines KK’ and A are reciprocal, 
each of the distances Ka, K is — iz; that is, the line A is 1 to each of the lines 
X and Y, (and similarly it is 1 to each of the lines X' and Y") Moreover the 
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angle at K or distance of the lines X and Y (which is equal to the distance of 
the planes K’KX and K’KY) is equal to the distance a8 of the intersections of A 
with the lines X and Y respectively We have thus for the two intersecting lines 
X and Y, the two lines KK’ and A each of them 1 to the two lines: where 
observe that KK’ is the line of junction of the point of intersection of the two 
given lines with the point of intersection of the reciprocal lines; and that A is the 
line of intersection of the plane of the two given lines with the plane of the 
reciprocal lines. The linear distance along KK’ between the two lines is =0; the 
dihedral distance between the planes, which AK’ determines with the two lines 
respectively, is equal to the angular distance between the two lines. The linear 
distance along A is equal to the angular distance between the two lines; the 
dihedral distance between the two planes, which A determines with the two lines 
respectively, is = 0. 


9. If two lines are such that the first of them intersects the reciprocal of the 
second of them, then also the second will intersect the reciprocal of the first; the 
two lines are in this case said to be contrasecting lines; or more simply, to 
contrasect: and contrasecting lines are said to be L. Supposing that the two lines 
are X, Y and their reciprocals X’, Y' respectively, we have here X, Y' intersecting 
in a point K, and X', Y intersecting in a point K’: and the planes XY’, X'Y 
intersect in a line A which meets the lines X, Y, X’, Y’ in the points a, B, a’, B 
respectively. As before, the lines KK’ and A are reciprocal: the distance KK’ is 
=47; and KK’ is 1 to the plane XY’, that is, to each of the lines X, Y'; and 
also to the plane X’Y, that is, to each of the lines X’, Y; it is thus L to each 
of the lines X and Y. Again each of the angles at a, 8, a’, f' is =}7; that is, 


Fig. 4. 


X ow 


the line A is 1 to each of the lines X, Y', X’, Y, or say to each of the lines X 
and Y. Moreover the angle at K, or say the angular distance of the intersecting 
lines X and Y’, is equal to the distance a8’; and similarly the angle at K’, or say 
the angular distance of the intersecting lines X' and Y, is equal to the distance 
a’8: but the distances aa’, BR’ are each equal to $m; and hence the distances 
a8’, aß are equal to each other and each of them is equal to the complement of 
the distance a8. Thus in the case of two contrasecting lines we have the lines 
KK’ and A each of them 1 to the two given lines; where observe that KK’ is 
the line joining the point of intersection of X with the reciprocal of Y and the 
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point of intersection of Y with the reciprocal of X; and that A is the line of 
intersection of the plane through X and the reciprocal of Y with the plane through 
Y and the reciprocal of X. The linear distance KK’ between the two lines along 
the first of these lines is thus = i. 


10. We have KK’ and A reciprocal lines; on the first of these, we have the 
points A, K’ which are 1 points: hence also the planes AK and AK’ are 1; but 
the plane AK is the plane AXY’ or say the plane AX, and the plane AK’ is the 
plane AX’Y or say the plane AY; hence the planes AX and AY are 1. Similarly 
the line A cuts the two lines in the points a, 8; and the line KK’ determines 
with these two points respectively the plane KK’a, that is KK’X, and KK’B, that 
is KK'Y; and thus the linear distance between the two points a, 9 is equal to the 
dihedral distance between the two planes KK’X and KK’Y. Thus the + line A 
cuts the two lines in two points a, 8 the linear distance of which is, say, 6: and 
it determines with them two planes the dihedral distance of which is =r. And 
the other 1 line KK’ cuts the two lines in the points A, K’ the linear distance 
of which is — jv, and it determines with them two planes the dihedral distance of 
which is = 6. 


11. Consider a line X and its reciprocal X’: a line intersecting each of these 
also contrasects each of them and is thus 1 to each of them: and similarly if Y 
be any other line and Y" its reciprocal, a line intersecting Y and Y’ also contrasects 
each of them and is thus 1 to each of them. Hence a line which meets each of 
the four lines X, X’, Y, Y' is also 1 to each of them, or attending only to the 
lines X, Y, say it is a 1 of these lines: there are two 1s; and clearly these are 
reciprocal to each other, for if ‘a line meets X, Y, X', Y', then its reciprocal meets 
X, Y' X, Y, that is the same four lines Looking pack to figure 2, we may take 
AB, CD for the given lines and AC, BD for the two 1s; as just remarked, these 
are reciprocal to each other. The 1 AC cuts the two lines respectively in the two 
points A and C the linear distance of which is say =6; and it determines with them 
two planes ACB, ACD, the dihedral distance of which is say =0. Similarly the 
other + BD meets the two lines respectively in the two points B and D the linear 
distance of which is — 6, and it determines with them two planes BDA, BDC the 
dihedral distance of which is =ò. In the plane triangles which are the faces of the 
tetrahedron ABCD, there is in each triangle an angle opposite to AC or BD and 
which, or say the angular distance of the two including sides, is thus =8 or 6. 
Except as aforesaid, the sides, angles, and dihedral angles, or say the linear, angular, 
and dihedral distances, of the tetrahedron are each of them = 4r. 


12. Considering the lines X and Y as given, the distances 6 and @ depend 
upon two functions called the Moment and the Comoment: viz. moment — 0 is the 
condition in order that the two lines may intersect (or, what is the same thing, in 
order that their reciprocals may intersect): comoment- 0 is the condition in order 
that the two lines may contrasect, that is, each line meet the reciprocal of the other 
one. It may be convenient to mention here that the actual relations are 


sin 0 sin 0 = Moment, cos ô cos 0 = Comoment. 
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In particular, if moment = 0, then the lines intersect; we have, say 8 —0, and there- 
fore cos — comoment; if comoment=0, then the lines contrasect, that is they are 1: 
we have, say 0-iw, that is, sinó— moment. These are the two particular cases 
which have been considered above. 


13. Consider as above the two lines X, Y met by the 1 6 in the two points 
A and C respectively. Consider at A a line J 1 to the lines X, 8; and take II 
the plane of the lines (X, 6) and Q the plane of the lines (X, 7) Similarly 
consider at C a line K 1 to the lines Y, 8, and take II, the plane of the lines 
(Y, 8) and Q, the plane of the lines (Y, K): we have thus through A two planes 
II, Q meeting in the line X; and through C two planes IL, O,, meeting in the 
line Y. It requires only a little reflection to see that the distances of these planes are 


(II, II;) = 6, (Q, Q) =ð; 
(II, Q) — $m, (IL, 0) 2 $m; (II, Q)=$7, (Ib, Q)= b. 


Fig. 5. 


In fact, II, II, are the before-mentioned planes ACB, ACD the distance of 
which was =@: Q, Q, are planes having the common 1 AC, which is the line 
through the poles of these planes, and such that the distance AC is equal to the 
distance of the two poles, that is, the distance of the two planes. Moreover from 
the definitions, the distances (IL Q) and (IL, Q,) are each =r: the plane II 
passes through the 1 at C to the plane Q, that is, (II, 0,)=47; and similarly the 
plane II, passes through the 1 at A to the plane Q, that is, (Il, 2)=47; and we 
have thus the relations in question. 


The consideration of these planes leads, (see post 31 and 32), to the before- 
mentioned equation, cos 8cos0 = comoment; if instead of one of the lines, say Y, we 
consider the reciprocal line Y', then the angles 8, 0 are changed each of them into 
its complement, and we deduce immediately the other equation, sin 6 sin 0 = Moment. 


14. It may happen that, instead of the determinate number 2, we have a singly 
infinite system of ıs: viz this wil be so if the lines X, X’, Y, Y' are generating 
lines (of the same kind) of a hyperboloid. They will be so if the lines X and Y 
each of them meet the same two lines (of the same kind) of the Absolute, say if 
X, Y each meet two directrices D,, D,, or two generatrices G,, Gh; but it seems 
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less easy to prove conversely that the lines X and Y must satisfy one of these two 
conditions. Suppose first that X, Y each meet the two directrices D,, D,; say X 
meets them in a, @, and Y in /, f, respectively. We have at a, a generatrix 
which meets D,, suppose in a’, and at a a generatrix which meets D,, suppose in 
&,; joining a’, a, we have the line X' which is the reciprocal of X; viz X’ meets 
` each of the lines D,, D,: similarly the generatrices at /89,, 8. meet D,, D, in the 
points 8x, 8,’ respectively, and joining these, we have the line Y’ which is the 
reciprocal of Y: thus Y' meets each of the lines D, and D,: the line D, meets the 
four generatrices in the points a, a, Bı, £j respectively, and the line D, meets the 
same four generatrices in the points ay, a, z, Ba: thus 


AH (a, a/, 8, 8/) - AH (ay, %, Bj, Bi); 
AH denoting anharmonie ratio as usual. But 

AH (az, as, By, B;) = AH (a, ev, Bs, By’), 
and thus the equation may be written 

AH (a, a/, Bi, B/) - AH (s, a, B, By’); 


viz. the lines X, X', Y, Y', cut D,, D, homographically; and there is thus a singly 
infinite system of lines cutting D,, D, homographically: that is, X, X’, Y, Y’, are 
lines (of the same kind) of a hyperboloid. And similarly if X, Y each cut the 
same two generating lines Gh, Ga, then will X’, Y’ also cut these lines and X, X’, 
Y, Y' wil cut them homographically, that is, X, X', Y, Y' will be lines (of the 
same kind) of a hyperboloid. 


Fig. 6. 


The condition may be otherwise stated; if the lines X, Y have for 1s any two 
directrices D,, D, or any two generatrices Gh, G, of the Absolute, then in either 
case there wil be a singly infinite series of 1s: the 1 distances are all of them 
equal; say we have 6 — 8, and therefore sin? ô= moment, cos? = comoment; and 
therefore moment + comoment = 1; or as the equation is more properly written, 
+ moment + comoment = 1. 


15. Two lines X, Y, each of them meeting the same two directrices D,, D,, are 
said to be “right parallels"; and similarly two lines X, Y each meeting the same 
two generatrices Gi, Ge, are said to be “left parallels”: the selection as to which set 
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of lines of the Absolute shall be called directrices and which shall be called genera- 
trices wil be made further on, (see post 35). We have just seen that, if two lines 
are right parallels, or are left parallels, then in either case there is a singly infinite 
series of Ls. It may be remarked that reciprocal lines are at once right parallels 
and left parallels; and that in this case there is a doubly infinite series of Ls, viz. 
every line cutting the two lines is a i. 

Observe that right parallels do not meet, and left parallels do not meet: their 
doing so would imply in the one case the meeting of two directrices, and in the 
other case the meeting of two generatrices. 


16. If instead of the foregoing definitions by means of two directrices or two 
generatrices, we consider a directrix and a generatrix of the Absolute, and define 
parallel lines by reference thereto, then it is at once seen that there are 3 chief 
forms, and several subforms; the directrix and generatrix meet in a point, or say an 
ineunt, of the Absolute, and lie in a plane which is a tangent plane of the Absolute: 
we may have two lines X, Y which 


1°, Each pass through the ineunt, neither of them lying in the tangent plane; 
29, Each lie in the tangent plane, neither of them passing through the ineunt; 


3°. One passes through the ineunt, but does not lie in the tangent plane: the 
other lies in the tangent plane, but does not pass through the ineunt. 

Observe that in the cases 1° and 2°:the lines X and Y intersect, but in the 
case 3? they do not intersect. The lines in the case 3° are I believe what Buchheim 
has termed #-parallels, his a-parallels being the foregoing right or left parallels*. 
The subforms arise by omitting in 1°, 2°, or 3°, as the case may be, the negative 
condition in regard to the two lines or to one of them; as the question is not here 
further pursued, I do not attempt to give names to these several kinds of parallel lines. 


Point-, line-, and plane-coordinates : General formule. Art. Nos. 17 to 20. 


17. We consider point-coordinates (#, y, z, w): line-coordinates (a, b, c, f, g, h), 
where af+bg+ch=0: and plane-coordinates (£, n, £, e); if we have a line which is 
at once through two points and in two planes, then the line-coordinates are given by 

a : b : c ; (f ; g : h 
= 15 a Y2% € 2109.7 Zalı : 4199 — 31A + BW — QW, : YW — ya : 24105 — 2344 
= fw — &@, : O — 20 : 60. — 5o, : mo — mo: GE — GE : Em — Em. 

Similarly, if a plane be determined by three points thereof, then the coordinates 
of the plane are given by 


Esp? Ge wel|1 i 1 : V : l ds 
Ny, Yis A, Wi 41, A, A, Wi 41, Yi, 41, Wi 41, Mi, A, Wy 
Las, Yo, 22, We La, Yo, £5, We La, Yo, 22, We 49, Yo, £5, We 
43, Yzy 23, Ws | s, Ys, 23, Ws | L3, Ys, 23, Ws 3, Ys, 23, Ws 


* See Buchheim, “A Memoir on Biquaternions,” Amer. Math. Jour. t. vir. (1885), pp. 293—320. 
C. XIII. 62 
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and if a point be given as the intersection of three planes, the coordinates of the 
point are 


9$:9y:2:9-—|1 : 4 : 1 ; 1 
E m, 6, 0 £, m, 5, 0 £, m, 5, 0 Es m, Oy 
Eo, Mas So, We E>, Mas Ézs Ws Er, m, Sx, We Eo, M, So, œ 
Es, m, Ss, Os Es, m, 5, Ws Es, 13, Ss, œ Es, m, 5, Os 


18. The conditions in order that a point (z, y, z, w) may be situate on a line 


(a, b, c, f, g, h) are 
hy —gz--aw-0, 


—hr . +fe+bw =0, 
gv—fy . +cew=0, 
—az—by—cz . =0, 
viz. these constitute a twofold relation. 
Similarly, the conditions in order that the plane (& 7, £ œ) may contain the 


line (a, b, c, f, g, h) are 
cn — bf + fo — 0, 


—cÉ . +a$+go=0, 
bE-—an . +ho=0, 
—fe-gn ht 4 =, 
viz. these constitute a twofold relation. 
19. The condition in order that two lines (a, b, c, f, g, h), (A, B, C, F, G, A) 


may meet is 


Af 4- Bg + Ch 4- Fa + Gb 4- Hc — 0. 


Supposing that the two lines meet, we have at the point of intersection 


hy — gz + aw — 0, ; Hy — Gz+ Aw — 0, 
—hev . +fze+bw=0, — Hz . +Fz+Bw=0, 
ge—fy . +ew=0, Gæ — Fy . +0Cw=0, 
—ar—by-—cz . =0, — Aæ —By —C2 . =0; 


and from these equations we can find the coordinates æ, y, z, w of the point of 
intersection in a fourfold form, viz. we may write 


e:y:2:w=fA+bG+cH: gA—aG : hA—aH : ÀG—gH 
= fB-bF :gB+cH+aF: hAB-bH : fH-hF 
= fC-cF : gC-ceG :hC+aF+bG: gF-fG 
=  bC—cB : cA-aC : aB-bA_ : fA+gB+h0. 


There is no real advantage in any one over any other of these forms, but it is 
convenient to work with the last of them 


Ses 2: wei DU-—oB : -cA—aC : aB-bA : fA t gB 4 AC. 
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20. In like manner if two lines intersect, the plane which contains each of 
them is given by 


E:9:C:@m=aF+qgB+hO:  bF—fB  :° cF-fU : cB-6b0 
aG—gA :bG+hC0+fA: cG-gC : | aC—cA 

= aH-hA : bH-hB :cH+fA+gB: | bA—aB 

= gH-hG : hF-fH :  fG-gF : aF+bG+cH; 


or say we have 
E:n:€:0= gH-hG : hF-fH :  fG—-gF  : aF+bG+cH. 


The Absolute. Art. Nos. 21 to 27. 
21. The equation is 
in point coordinates a+ y?+ z* + w? — 0, 
in plane coordinates £+ 7°+ €?+ œ =0, 
in line coordinates — à? -- 0? +e +f? 4g? -- ? — 0. 
Hence 
L of plane (£, n, 6, œw) is point (£, n, & œ), 
1 of point (v, y, 2, w) is plane (a, y, z, w). 
Reciprocal of line (a, b, c, f, g, h) is line (f, g, h, a, b, c); 
Points (v, y, z, w), (a^, y, Z, w) are i if aa’ -- yy’ + zz --ww' —0; 
Planes (£, n, £, œ), (E, 7’, ©’, o^) are + if EE + qw + CE + ow’ — 0. 
22. A line (a, b, c, f, g, h) and plane (E, n, £, œ) are 1 when the line passes 
through the 1 point of the plane, that is, the point (f£, n, £, e): the conditions 


(equivalent to two equations) are 
hn — g£ + aw — 0, 


—hE . ftt bo =0, 

g£—fn . -co-0, 

—a£—bgy—ct£ . =Q. 
A line (a, b, c, f, g, h) and point (a, y, z, w) are L when the line lies in 
the 1 plane of the point, that is, in the plane (æ, y, z, w): the conditions (equivalent 


to two equations) are 
cy — bz + fw — 0, 


—0v . +az+gw=0, 
be-—ay . +hw=0, 
—fe-gy—-hz . =Q. . 
Two lines (a, b, c, f, g h), (d, U, c, f', g, W) which meet, that is, for which 
af" -- bg! -- ci -- a/f -- Ug -- c 20, are 1 if 
aa’ + bb’ + cc’ + ff’ + gg' + hh’ 2 0. 
62—2 
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23. 'lhere will be occasion to consider the pair of tangent planes drawn through 
the line (a, b, c, f, g, h) to the Absolute. Writing for shortness 


P= . hy-gz+au, 
Q--hz . +fetbu, 
R= gz—fy . + ow, 
S = — ax — by — cz ; 
it may be shown that the equation of the pair of planes is 
P+ + i? +S?=0. 


In fact, writing for a moment (E.m €, e) and (E, 7’, &’, w’) to denote the 
coefficients of (v, y, z, w) in P and Q respectively, so that 


(é, N, é, w) = (0, h, wyi a), (F, 7, P. w)=(— h, 0, yi b), 


then the equation of the planes is 
(EP — EQ)? FOP — Q) + (£P -ERY + (wP — oQ} = 0, 
(E2 -- 9? +67 + o?) P? — 2 (EE + + CE + wo’) PQ-- (E+ 9! + P Fo?) Q =0, 


viz. this equation is 
(D? + 1? +f?) P?+2 (fg — ab) PQ-- (à? + og? +h?) Q? — 0. 
But P, Q, E, S are connected by the identical equations 
cQ — b R + fS — 0, 
—cP . +aR+gS=0, 
bP-aQ . +)S=0, 
—fP—-gQ—-hÀR . 20; 


using these equations to express R, S in terms of P, Q, viz. writing 


that 1s, 


R=-7(fP + 90), S=-7 bP- aQ), 


we see that the last preceding equation is equivalent to P?+ Q?+ E? + S? — 0. 
24. Similarly, if 
P2. cy—be+/fu, 
Q=-ce . +az+guw, 
R,= be-ay . +hu, 
S,-—f»—gy—hz ., 
functions which are connected by the identical relations 
. AQ; — gh, + aS, = 0, 
—hP,'. +fR, +08, =0, 
gP,—fQ . +08, =0, 
—aP,—bQ,-cR, . =0; 
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then in like manner we have 
P2+Q2+ Re+ S? = 0, 


for the equation of the ‘pair of tangent planes from the reciprocal line (f, g, h, a, b, c) 
to the Absolute. And we may remark the identity 


(P? + Q?+ R2+S8*)4+(P2+ Q24+ 2+ SY)=(7+P4+ E+ fP4+ P4+hV)(S+y7+2+w"). 


We, in fact, have 


x y z w 
P.Q.-R.S-vc|c.ge.M ab — fg ac — hf eg —0h |; 
y ab — fg DM. be — gh ah — cf 
2 ac — hf be — gh e-f.g bf — ag 
w eg — bh ah — of bf- ag e +b +e? | 
and in like manner 
x y z w 
P+ Q+ Re+ Se= | ef) —abt+fyo | —ac+hf | —eg + bh |. 


—ab+ fg | Ca -g* | —be +gh | —ah + cf 


y 
z| —ac+hf | —be + gh | à? - P I9 | —bf + ag 
w| —eg+bh | —ah cf | —b rag | f*« gh 4 I? 


25. For the distance of two points (a, y, z, w) and (æ, y, Z, w’), we have 


ax + yy + zz + ww 
cos 6 = A —————— 
Na +Y HHW Næ + y? + z* 4- w^ 
whence also K 
2 2 2 "9 2 2 
rete a?4- D or fÁÉ Fg Fh 


VEHY zt 4 w? Na? + y? + 224+ w? 


where, in the numerator, (a, b, c, f, g, h) stand for the coordinates of the line of 
junction of the two points, taken to be equal to 


yz —y 2, za! — z'a, xy — ay, sw — aw, yw — yw, zw — zw 
respectively. 
Similarly, for the distance of two planes (E, n, €, œ) and (E, 7’, £', œ), we have 


££ + nn’ CE + ow 


cos 8 — TIRE. Scie Au CREE 
E+N + dps o? V E? p 9? + pa un 
whence also 
SE ANS LEN AR STET De 


VE 4 m UC v VE EY rU wt 
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where, in the numerator, (a, b, c, f, g, h) stand for the coordinates of the line of 
intersection of the two planes, taken to be equal to 


£v' — Eo, qo! — 1o, bo! — P'o, nf’ —q6 C — CE, EY — En 
respectively. 

The distance of a point (æ, y, z, w) and plane (&, 7, £C, œ) is the complement 
of the distance of the point (vs, y, z, w) and the point (&, sw, C, e") which is 
the 1 point of the plane; viz. we have 

«E ym + zE + wo’ 
Vert y? 4- et wp? V E^ 4 o? EE V? 


sin 6= 


Na? 4- D? 4- c +++ h 


cos ò = ——————————— ~ l, 
Wa? ty HeU WE? 24 674 0? 


where, in the numerator, (a, b, c, f, g, h) stand for the coordinates of the line of 
junction of the two points. Of course the same result might have been equally 
well derived from the formula for the distance of two planes. 


26. If we now consider a plane triangle ABC, and write 
(41, Vi, Z W) for the coordinates of A, 
(25; 4», 425 We) » LE] B, 


(as, 43; Z3; Ws) » 2 C, 
then the coordinates 


a, b, C, f g, h, 
of the line BC will be 
Yo23 — YsZz, aa — Zag, LoYg— Lg Yo, LaWg — VWa, YoWs — YW, Za — Zt», 
and similarly for the coordinates of the lines AB, CA; the equations 
a fo + digo + ch, + as f, + bog + ch, = 0, &e., 


which express that these lines meet in pairs in the points A, B, C respectively, are 
of course satisfied identically; and we then have for the sides and angles (linear and 
angular distances) of the triangle 


903003 + YoY + Z223 + Ua; 


cos a= ? 
af ax + Yor + 22 + W " e + Ys" + 2 + w? 
Sin ge Na ree 
; Ng? + Yo + e»? + We PX + Ys" + Py + Wy : 
Ms n 0505 + babs + C263 + fo fs + 929s + hohs re 


Vad + b? -- c? + fe -- gà the Vas + b? +o f? tgs the 
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and this being so, if with the values of cosa, cosb, cosc, we form the expression 
for cosa —cosb cose, then reducing to a common denominator, the expression for the 
numerator is at once found to be 


= Malls + babs + C203 + fo fs + 929s + hahs, 
and thence easily 
cos a — cos b cos c 


cos Á = i ; 
sin ó sinc 


> 


viz. the expressions for the angles in terms of the sides are those of ordinary 
spherical trigonometry. 


27. Hence also 


icu _ V1 — cos? a — cos? b — cos? c + 2 cos a cos b cos c 
sin 6 sinc ; 


whence 
sin A : sinB: snC=sina : sinb : sinc, 
and 
cos a(1 — cos? a — cos? b — cos? c + 2 cos a cos b cose 
sin? a sin b sinc 


and consequently ye out 
cos cos B cos 


cos @= 3 - 
sin B sin € 


, 


which completes the system of formule. 


And similarly for a trihedral, that is, if we have three planes A, B, C (meeting 
of course in a point, O) then the dihedral distances BC, CA, AB and the angular 
distances CA, AB; AB, BC; BC, CA are related to each other in the same way 
as the angles and sides of an ordinary spherical triangle. 


Distance of a point amd line. Art. Nos. 28, 29. 


28. The point is taken to be (z, yı, 4, wi) the line (a, b, c, f, g, h). Drawing 
through the point a + plane, say (& n, £, œw) meeting the line in the foot, and 
taking the coordinates hereof to be (£, Yo, 2, Wa), then Ea, +ny,+ £z, + ww, = 0 and 


hn — g£ 4- ae — 9, 
-hk . +f€+bw=0, 
g&-fn . +ceo =0, 


—a&—bn-—cE . =0, 
giving, say, 
E. cy, — bz, + fw, 
n =— 0m . +az + gW, 
C= ba—ay, . -hw, 
o = — fr, — gy, — hz, 
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We have here 
P+ ot + 0?=(0? + c+ f’) a? + &., 


where (b? + + f?) à? -- &c. denotes the before-mentioned quadric function of (m Yı, 21; w,), 
which, equated to zero and regarding therein (z,, Yı, 2, W,) as current coordinates, 
represents the pair of tangent-planes from the reciprocal line (f, g, h, a, b, c) to the 
Absolute. 


Resuming the question in hand, we have then 


£v, + Yo + Sa. + ew, = 0, 


which, with 
| hy, — gz. + aw, = 0, 
— he, . +fe + bw =0, 
Jta — fya . cw, =0, 
| —am—by,—ccs . =0, 
gives, say, —%= . cm-—bt- fo, 
—y =-cE . +af+ Qe, 
E = — be vai. ee, 
—w,=—fé—gn-ht ., 
that is, 


&, — (D f*%)a+ (—ab+fg y+ (—acthf)a+ (—ceg+bh) uw, 
Y= (-—ab+ fo)m+(C+C4+97)y+ (—be+gh)a+ (—ah+cf)u, 
2 = (-—cathf)a+ (—be+gh)y+(W4+0+h)24+ (— bf +ag) w, 
w= (—cg + bh)a+ (—ah+cef)y t+ (—bf*ag)z t (f?  g?- h) ws. 
We have therefore 
Lla + YY + Zia + WW = (P+ C+ f£?) v? + &e., 
ae ca^ +29 Ba =(74+R4+E4+ f+ 9th) (+e +f’) a7 + &}, 
where (b?+ œ + f*)#2+&c. denotes in each case the above-mentioned quadric function 
of (a, Yi, 5 Wi), 
In verification of the expression for æ? + Y? + 22+w.2, it is to be remarked that 
we have identically 


E24 ot £7 + w+ (af + bg + ch) (a? + y? + z? + wy?) 
— (à? - Uo f+ GP th’) (P+ f) a2 + &e]; 


and 


here on the left-hand side the whole coefficient of e is 
(B+ 08+ fy + (ab — fg + (ea — hf Y + (og — bh? + (af +bg + chy, 


where the last four terms are together = (b+ c-r f?)(a?-- g?--/?), and thus the whole 
coefficient is (as it should be) =(@+¢C+4+/%)(@+0+0+/?+9?+h?): and similarly 
for the coefficients of the remaining terms. 
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29. Writing then 6 for the required distance, we have 


BL + Yi Yo + 2123 + WW 


cos ò ILU ee 
Vas + Ye +22 + ue Ma? 4 y? + 22+ we 
that is, Y 
2 2 42 
"ss V(b + e+ f°’) a2 + &c. 


Va! - yet zw Vat d D p eh fit ge th’ 


where (b? +c + f?) e --&c. is the above-mentioned quadric function 


y Yı % w 
n| P+P+f?| —ab+fg —ac+hf | —cg +bh 


Yy | —ab+fg | cag | —be+gh | -ahicf 


—ac+hf | —be+gh | @œ+b+k | —bf + ag 


m 


w —eg +bh | —ah+ef —bfrag | fg M 


Distance of a plane and line. Art. No. 30. 


30. This may be deduced from the last preceding result: the formula, as written 
down, gives the distance of the 1 plane (a, yı, Z, w) from the reciprocal line 
(f, g, h, a, b, c): hence writing (E, n, & œ) for (m, yu, 2%, w) and (a, b, c, f, g, h) 
for (f, g, h, a, b, c) we have for the distance of plane (E, 7, £, œ) and line 
(a, b, c, f, g, h) the expression \ 


V (a? + 9? + h?) E* + &c. 
VE Cru Va d Ure figi he 


cos 6 = 


where (a? + g?-- h?) E + &c. denotes the quadric function 
é 7 (a o 
E | atg +h ab — fg ac — hf eg — bh 


ab — fg Dp Rx yf be — gh ah — of 
é ac — hf bc — gh C+ frig? bf —ag 


"d cg — bh ah — cf | bf-ag | +8403 


3 


The theory of two lines. Art. Nos. 31 to 38. 


31. Considering any two lines X, Y, it has been seen that these have two ıs, 
viz. each 1 is a line cutting as well the two lines X, Y as the reciprocal lines 
X', Y', say that one of them cuts the lines X, Y in the points A, C respectively, 
and the other of them cuts the two lines in the points 2, D respectively: and take, 
as before, the distances AC and BD to be =6 and @ respectively. 


€. XIII. 63 
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The coordinates of the lines X, Y are 


(a, b, C, ri J, h) and (a, b,, Ci, A; Jis h) 


respectively ; and if we consider, as before, the planes II, Q, IL, Q, the coordinates 
of which are (l, m, n, p), (A, p, v, 9), (lh, m, n, P) Qu, Pa, n, v) respectively, then 
X is the intersection of the planes II, O, and we have 


a : b : c Nro CP. $E. 
=l —Xp: mw-— up : ne —vp : mv —ny : nk—ly : lu—mx; 
and similarly Y is the intersection of the planes IL, O,, and we have 
Ay : b, ‘ " t f ERES | : h, 
=m -Mp :m;w hP : NT — np : my, —"nu : n, — hy, : lu —mX. 
Also the planes (II, ©), (IL, 9,), (II, Q;), (Il, Q) being naturally 1, we have 
IX +m +v +po =0, i 
LX, + M + Tay + po = O, 
l, + mum n pw, =0, 
LA cm cn» +p =0; 
and for the inclinations to each other of the planes (II, IL) and (Q, O,), we have 
XX, + pa + vvi + BD, 


eos ò = , 
VA? + &e. V Aq? + We. 
s ll, + mm, + nn; + pp. 


VP + &c. Vl + we. 
32. The expressions for the coordinates of the two lines give 

(Il, +mm,+ nn, + pp) A+ upi + vv, +o) 
— (IX, 4- mg + nv, + por) (LX + mp t+ mv t+ po) 
= (ll, +mm+nn+ pp) Qs A. Mat vv, + m9) 
=VP+ &c. V 13 3- &e. V X? + &c. V Aj? + &c. cos 8 cos 0. 


ad, + bb, + ce, + ffi + 99, + hh, 


But we have 
E +e HEHEHHE +h =(P4+ m+n? 4+ p?) (M+ +74 o) H my H w+ poy 
= (P? + &e.) (A? + &e.); 
and similarly 
a2 d. b 4 e fetge hy (L1 + m2 + net p?) r+ a? v? m?) — (NX mus + ny + py) 
= (1? + &c.) (X? + &o.). 


Hence the last result gives 


aa, bb, + CC tfi + IN + hh, 
Va? + &c. Va? + &e. 


= cos 6 cos 0; 
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or calling the expression on the left-hand side the comoment of the two lines, and 
denoting it by M,, the equation just obtained is 

cos 6 cos Ó = comoment, = M,. 


And if for either of the lines we substitute its reciprocal, then for 6, @ we have 
lc — ò, im — 0 respectively, and consequently 
af, + bg + ch; +a f bg - eh 
Va? + &c. Va? + &c. 


or calling the expression on the left-hand side the moment of the two lines and 
denoting it by M, the equation is 


= sin §sin 6; 


sin 6sin Ó = moment, — M, 


where observe that M=0 is the condition for the intersection of the two lines, 
M,=0 the condition for their contrasection*. 


33. But to determine the coordinates (A, B, C, F, G, H) of the 1 line AC 
or BD, and the coordinates of the points A and C or B and D of the points in 
which it meets the lines X and Y respectively, I employ a different method. 


We consider the lines 
(a, b, C, A 9, h), (a, b, Ci; Jj Jis h,), 


Cf Is h, a, b, c), (fai gv h,, 03; b, €). 


A line (A, B, C, F, G, H) meeting each of these four lines is said to be a 
perpendicular. We have 


(A, B, CLF, G, Hy, hy OF, g. A), 


and their reciprocals 


» (J: 9g. h, a, b, c) — 0, 
” (a, b, ĉi, Th gv h;) — 0, 
2 | (fi, Jis h;, 03; b, 6) — 0, 


equations which determine say A, B, C, F in terms of G, H, and then substituting 
in AF+BG+CH=0 we have two values of G : H; ie. there are two systems of 
values (A, B, C, F, G, H), that is, two perpendiculars. 


The equations may be written 
(A 4 F)(a f )* (B G)(b +9)+(C+H)(c +h)=0, 
(A + P) (a e f.) - (B+G) (+g) +(C+H) (ath) =0, 
(4 - F)(a —£)- (B- G) (b -g)+ (C- H) (c —h)— 0, 
(A — F) (a — f.) + (B — G) (b — 9) + (C — H) (a — ) — 0. 


* The foregoing demonstration of the fundamental formule cos cos @=M,, sinósin60—M, is, in effect, 
that given by Heath in his Memoir **On the Dynamics of a Rigid Body in Elliptic Space,” Phil. Trans. 
t. 175 (for 1884), pp. 281—324. 


63—2 
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Hence we have 


A+F : B+G : C+H, = 
(b 4- g) (a - y) — (b+ g) (ch) : (¢+h)(atf)—(at+ fat): @tf)i+n)-(atfi(bt+g), = 
/^— E t B+ i G 4- y; 
A-F : B-G : 0-H, = 
(b—9)(.— In) —(h— i) (6 —h) : (c- h)(a —-fi)—(4-f (a In): (€-f 1-9) —(G — fr) (6-9), = 
%—a t 5-8 : G — y; 


equations which may be written 


A+F, B+G, 0+ H 22x (9l -- a, 88 - B, G4 y), 


A-F, B—G, C—- H -2u (9| —a, B-P, & — y), 
where 


A = be, — bc -- gh, — gh, «= bh, — bh — (eg; — ag), 
B=ca-—qathfi-hf, B-cf,-eof-(ah-— ah), 
G —ab,— ab -- fg; —fig, yag —«g — bfi- bf) 
34. We have 
(A +a) + (B +BY + (C+ y)! — (a E f + (b gy + (Cc MJ Gas f bit HP + (uy) 
— ((a +f) (a - f.) + +g) (b +g) +(e +h) (+m), 
QIL— ay + (8 — 8y - (& — y = ((a — £y - (b — gy + (c - hy] (a -A + (6 — 9) + (a — yl 
— ((a — f£) (a -fi) + (b  g) (b 9) - (c — h) (a — h))* ; 
p =0 +e +e +f? Tg + h?, 
pr =? + b? +o? +f? + 97+ hg, 
a, = ad, + bb, + cc, + ff, + gg, + hh, 
g — af, + bg, + ch, + a f+ big + eh, 


or putting 


the foregoing values are 


= pp- (e +0), pp?—(e- oc). 
Hence 


A? + B+ C+ F + G+ Ht-—AYN {p lo + oy] = 49? {pL (o — 0] ; 
or we may write 
a= pp? -— (0—0), or say A= VWpp?-(e-— ay, 
jo peti ADR um - pple Fay 
Making a slight change of notation, if we put 


M _ Yit bg, ch, +a f E bg - ch c 


Va? + &c. N a4? + &c. Ppi 


M, _ 00, + bb, + cc, + fit gn +hh, E21 
Va? + &c. V a? + &c. Ppi 


? 
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then the values are 
hb ECCE S MEI PN a | aA 
And, this being so, the two systems of values of A, B, C, F, G, H, are 
À (9E + a) -- 4 (A — a), À (9I + a) — pw (A — a), 
A(B--8)ru(B—-8, | (B +8)-— nu (V-B), 
(E+ y)ru(G—wy, | A (C+ y)- uE- y), 
À (A + a)— p (A — a), A (A + a)+u(A-— a), 
A(8--8)-4(8—8) | (8 +8)+u(8- B) 
A(E+ y)-H(E—y), | A(C +y) +a- a); 
viz. the two perpendiculars are reciprocals each of the other. 
35. Before going further I notice that, if 
m+fi_ b-$ ath a —f, b-g a-h 


neu 54g Meek Goer yug glo 


then the four equations for (A, B, C, F, G, H) reduce themselves to three equations 
only: and thus instead of two perpendiculars we have a singly infinite series of 
perpendiculars (see ante 15). 


To explain the meaning of the equations, I observe that a line (a, b, c, f, g, h) 
wil be a generating line of the one kind, or say a “ generatrix,” of the Absolute if 


a+f=0, b+g=0, c+h=0: 


and it will be a generating line of the other kind, or say a “directrix,” of the 
Absolute if a—f=0, b—g=0, c—h=0. Or what is the same thing, we have 


(a, b, e, —a, —b, —c), where a?+b’?+c?=0 for a generatrix, 


and 
(a, b,c, a, b, c), where a?+b?+c?=0 for a directrix, of the Absolute. 


Consider now two directrices (a, b, c, a, b, c) and (a, b, ce, a, b, c): if a 
line (a, b, c, f, g, h) meets each of these, then 
(a t f)2 (b g)b t (c h)c —0, 


(a 4- f£) a4 - (b -- g) b, 4- (c 4- À) e, — 0, 
and consequently 
at+f:b+g:ct+h=be,—b,c : ca -ca : ab,- ab; 


and similarly if (a, b, C» fi, gi, ħa) meets each of the two directrices, then 
d, 4 f, : bg :ath=be,—b,c : ca, —ca : ab — ab, 
that is, if the lines each of them meet the same two directrices of the Absolute, then 


| at+f b+g cth’ 
Conversely, if these relations are satisfied, then the lines each of them meet two 
directrices of the Absolute. 
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In like manner, if the lines each meet two generatrices of the Absolute, then 


me ix : AM G—h. 
| -f "IY. 
and conversely, if these relations are Aes then the lines each of them meet the 
same two generatrices of the Absolute. In the former case, the lines are said to be 
*right parallels": in the latter case, *left parallels." 
A line (a, b, c, f; g, h) meets the Absolute in two both and through each of 
these we have a directrix and a generatrix: that is, the line meets two directrices 
and two generatrices. 


Through a given point we may draw, meeting the two directrices, or meeting 
the two generatrices, a line: that is, through a given point we may draw a line 


(d, b, Ci, f gi h) 


which is a right parallel, and a line which is a left parallel, to.a given line. That 
is, regarding as given the first line, and also a point of the second line, there are 
two positions of the second line such that for each of them, the 1s of the pair of 
lines, instead of being two determinate lines, are a singly infinite series of lines. 


36. Reverting to the general case, we have found (A, B, C, F, G, H) the 
coordinates of either of the lines 1 to the given lines (a, b,.c, f, g, h) and 
(a, bis G, fis go Mh): supposing that the 1 intersects the first of these lines in the 
point the coordinates of which are (z, y, z, w), and the second in the point the 


coordinates of which are 
(a5, Yis Ay w), 


then we have for each set of coordinates a -fourfoid expression; the choice of the 
form is indifferent, and I write | 


eao:y:2:w=cB-bC:a0-cA:bA-aB: fA+gB+hC, 
H:y:%4:W=oB-b0:a0-¢4A : bA- aB : fA gB- AC. 
We have then, for the distance of these two points, 


pod aime £2, + yy + 28 d ww, | Y bint iat ad gt m MEER 1. 
Wa? c y! et wu Na? yet eet we Wa? d yt et wart yr t+ zi dw? 


where $ =ò or 0, according to the sign of the radical X: w contained in the expressions 
for A, B, €; FF, Gi. | 

I have not succeeded in obtaining in this manner the final formule for the 
determination of the distances: these in fact are, by what precedes, given by the 
equations 


sin sin 0 — M, cosócos0 = M,. 


For then, writing $ to denote either of the distances ô, 0, at pleasure, we have 
M? M? 


sin? ġ ‘cosh '"' 
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that is, 
cos‘ + cos? uie Tae di +1)+M;?=0, 
or dio 
cos p=4 (M? — M? 3-14 Mia + M:— 2M2M?— 2M? — 2M? 1], 
which is the expression for the cosine of the distance. 


In the case where the two lines intersect M=0, and if 5 bs the 1 distance 
which vanishes, then 5=0, and consequently cos0 — M,: the last-mentioned formula, 
putting therein M —0 and taking the radical to be — M?—1, gives cos'$ — My, that 
is, $ — 0, and cos 0 = Mj, as it should be. 

37. I verify as follows, in the case in question of two intersecting lines, 

(af, 4- bg, -- ch, - a, f 4- bg 4- ci — 0), 


the formula ' 
X + YY + 22, + WW 


Vet 3! d- Zh d- w? Nas! Hye de zi Hw 


cos 0 = 
We have here 
A =% = be, — be + gh, — gh, 
B=% —ca, — ca 4- hf, — h, f, 
, C2 G6 — ab, — ab + fn — fig, 
F= a = bh, — bih — c9, + a9, 
G=B=¢, —af—ah,+ ah, 
H-y-ag,—ag — bf, + b, f. 

I stop to notice that these formule may be obtained in a different and somewhat 
more simple manner: the two lines (a, b, c; f, g, h) and (a, bi, e, fi, gi, M) intersect ; 
hence their reciprocals also intersect: the equation of the plane through the two 
lines and that of the plane through the two reciprocal lines are respectively 


(gh, — gh) « + (hfi — hif) y + Gf — fig) 2 + (af, + bg, + ch) w — 0, 
(be, — b,c) æ + (ca, — ca) y+ (ab, — a,b) z + (fa, + gb, -- he) w — 0: 
the line (A, B, C, F, G, H) is thus the line of intersection of these two planes, and 
it is thence easy to obtain the foregoing values. 
From the values of A, B, C, F, G, H, we have to find a, y, z w and a, Yı, 
Z, w, by the formule given above. We have 
2=cB—-b0= ča -caa + chf, — ch, f 
r- abb, T a,b? ‘atl bf9, + bgf, 
= (bg +ch) f, +a (P + c?) — bab — cac — bfg, — cfh, 
! — — f (af, 4- bg, + ch) +a (b + c?) — bab — cac; 
or writing here a,f--b,g-- ch in place of —(af/,+bg,+ch,), this is a linear function 
of a, b, à; and similarly finding the values of y, z, w, we have 
a=a(b+e+f*)+b,(fg—ab) -re(hf — ca), 
y=a,(fg—ab) +b (?+0*+9*) +c (gh — bo) 
z=a(hf—ca) +b (gh—be) +e (a +b +h), 
w=a(bh— cg) -b(cf —ah) -e«(ag-—bf). E 
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And in like manner, (I introduce for convenience the sign —, as is allowable), 
— 1 = 0 (b? Te TS +b (fig — ab) +c (hifi — Gd), 
i ea (An = a,b,) +b (c? +a? + gè) TE (għa = b.e), 
— 274 (hf; —¢a,) +b (hh sS bici) T c(a?4- b? + hè), 
—w,=a(bh, —o«g) +blafı— ah) -c(ag; —b f.) 


38. Write for shortness 


pHPt+P+e, p= f +tp+ e, w — a, f+ bg + ch, 
and therefore l 
qa, +bb +c, Q=ffi+gg+hh, — e — af, bg, + ch, 
r= +b +o, n= fit g? +h. 
We have 
s=uap— aq + fo, æ =— ar + aq + fiw, 
y — bp — bq + go, y; — br + bq + jo, 
z=0p — q + ho, z= cer + aq + ho, 
QU —— Fy 9; h |, w,2— f gi h, |; 
a, b, C a, b, C 
05, D. G 05; b, Cy 


from which we easily obtain 
Oty + 2=p(pr— 9) +(pit 2p) o, 


and by expressing w? in the form of a determinant 


w? = p, (pr — q°) — po, 
we obtain 
++ P+ =p ++p) (pr—g +o); 
and in like manner 
vy + yy? + zw? =(r+7,) (pr — |g? +o’). 
And again 
2 + Yy + 22,= q (pr — F) + (Q + 2q) o*, 


and by expressing ww, in the form of a determinant 


ww, — q; (pr — q?) — qo, 
we find 
LI, + YY, + 22, + ww, —(q-4 q)(pr— + e). 
Hence substituting in 
LL, + YY, + Z2, + WW 
cos ü = — 


Naty tatu Natt yet eet we 


the factor pr— q* * e? disappears, and we have 


cos 0 = DIM p SE a TT M;, 
i Vp + pi Vr + Ti 
the required result. 
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